We prove that the integer part of the reciprocal of the tail of ζ(s) at a rational number s = 1 p for any integer with p ≥ 5 or s = 2 p for any odd integer with p ≥ 5 can be described essentially as the integer part of an explicit quantity corresponding to it. To deal with the case when s = 2 p , we use a result on the finiteness of integral points of certain curves over Q.
Introduction
Among various kind of zeta functions in mathematics, one of the most famous and important zeta functions is the Riemann zeta function. For s = σ + it ∈ C with σ > 1, consider the absolutely convergent infinite series ∞ n=1 1 n s . It is well-known that this series admits an analytic continuation ζ(s) to the whole complex plane C. If we restrict our attention to some rational numbers 0 < s < 1, then we have the following list of values of the Riemann zeta function: Along this line, D. Kim and K. Song [3] (resp. K. Song [4] ) proved that we have
). In this paper, we extend the previous results to the case when either s = Then there exists an integer N > 0 such that we have
For more details, see Corollaries 3.4 and 4.8.
This paper is organized as follows: In Section 2, we first introduce some properties of ζ n (s). Afterwards, we recall a theorem of Siegel on the integral points of a smooth algebraic curve over a number field (see Theorem 2.5). In Section 3, we deal with the case of s = 1 p , using Theorem 2.3 below. In Section 4, we give a proof of Theorem 1.1 for the case when s = 2 p by invoking a version of the previously introduced theorem of Siegel (see Theorem 2.6).
Preliminaries

Properties of ζ n (s)
In this section, we give some useful properties of ζ n (s) in terms of the size of its reciprocal. To achieve our goal, we first need the following Theorem 2.1. Let s be a real number with 0 < s < 1. Then we have
s for every even integer n ≥ 2, and
for every odd integer n ≥ 1.
Proof. For a proof, see [3, Theorem 1] .
In view of the equation (1.1), Theorem 2.1 has a nice consequence:
Corollary 2.2. For any real number s with 0 < s < 1, we have
If we do not require the inequality of Theorem 2.1 to hold for every even or odd integer, as indicated above, then we can obtain a slightly better upper bound of the value of ζ n (s) −1 : Theorem 2.3. Let ǫ > 0 be given. Then for any real number s with 0 < s < 1, we have
for every sufficiently large even integer n, and
for every sufficiently large odd integer n.
Proof. For a proof, see [3, Theorem 2].
As before, combining the equation (1.1) and Theorem 2.3 yields the following Corollary 2.4. Let ǫ > 0 be given. Then for any real number s with 0 < s < 1, we have
Siegel's theorem on integral points
In this section, we briefly review a theorem of Siegel on the integral points of certain curves that are defined over a number field.
In the sequel, let K be a number field, S a finite set of places of K, and R S the ring of Sintegers in K. Also, let K be an algebraic closure of K. Then we have the following fundamental result:
Theorem 2.5. Let C be a smooth projective curve of genus g over K, and let f ∈ K(C) be a nonconstant function. If g ≥ 1, then the set
Proof. For a proof, see [2, Theorem D.9.1].
In fact, this theorem is more general than what we actually need. We need to use a version of Theorem 2.5 regarding a hyperelliptic curve, which we describe now: suppose that S includes all the infinite places. Proof. Suppose on the contrary that there is an integer x with 2 n − 1 2
which is absurd.
This completes the proof.
By a similar argument, we can also have the following Combining all these results, we have: 
An immediate consequence of Corollary 3.3 is the following
Corollary 3.4. There exists an integer N > 0 such that we have
Proof. This follows from the equation (1.1) and Corollary 3.3. To begin with, we introduce one useful inequality:
Lemma 4.1. For any real number x ≥ 2, we have
Proof. For convenience, let α = 4x and h(α) = 1 −
Then it suffices to show that h(α) + h(−α) is a strictly increasing function because we have
Indeed, we will use the first derivative test, as follows: note first that we have
Since α 4 p > 0, we need to show that
or equivalently, (by multiplying α −4−2/p and rearranging),
which is equivalent to saying that
, because (−p − 2)α 2 + (−6p − 8)α + (−3p − 6) < 0 for any α, p. We prove the last inequality. Indeed, we may assume that (−p − 2)α 2 + (6p + 8)α + (−3p − 6) < 0 because if (−p − 2)α 2 + (6p + 8)α + (−3p − 6) ≥ 0, then the desired inequality follows trivially. Hence, we have to show that 
for every p ≥ 5 and α ≥ 8, we have that the inequality (4.1) holds for α ≥ 8, which in turn, implies that h(α) + h(−α) is increasing for α ≥ 8.
An important consequence of the above lemma is the following Lemma 4.2. For any even integer n ≥ 4, we have
and for any odd integer n ≥ 3, we have
Proof. Let n ≥ 4 be an even integer. By Theorem 2.1, we have
Hence, it suffices to show that
for any even integer n ≥ 4. Let f, g : R ≥2 → R be two functions defined by
2 ), and hence, we only need to show that g(x) is decreasing. Since
we have to show that
Then it follows from Lemma 4.1 that g(x) is decreasing for x ≥ 2. Also, a similar argument can be used to show that (4.2) holds for any odd integer n ≥ 3.
This completes the proof. Now, we give a result on the finiteness of the integer points of certain affine curves, which will be used later: 
